
Chapter 5 Integrals 

Section 5.1 Areas and Distances 

1. (a) Since 1 is increasing!) we can obtain a lower estimate by using
 
left endpe_.
 

li 

L5 = L!(ali-d Ax (Ax = J:°5o = 2] 
i=l 

=1(x6);·2 it- i ~$I) . 2 + 1 (%2) ·2+ 1(X3) ·2+ 1(X4) ·2 
= 2 [I (0) + J (2') if- 1(4) + 1 (6) +1(8)] 

. ~ 2 (1 + 3 + 4.3 + 5.4 + 6.3) = 2 (20) = 40 

Since 1 is increasing, we can obtain an upper estimate by 

using right endpoints. 
5 

~s= E J(Xi) Ax 
i=\l 

= 2'[i!,Gxtt,)' -+- 1 (X2) + f (X3) + 1 (X4) + 1(X5)]' .. 

= 2;~! ;«2l ~ / (4) + 1 (6) + f (8) + f (10)] 
~ 21~:B + 4L:B' -1\1- 5.4 + 6.3 + 7) = 2 (26) = 52 

il'~ 

~~\ Lq«D = L! (X-i-l) Ax [Ax = 10;0 0 = 1] 
1i7"'il 

= 1 fJ (xo) + f (xI) + ... + f (X9») 
= 1 (0) + 1 (1) + ... + 1(9) 
~ 1 + 2.1 + 3 + 3.7 + 4.3 + 4.9 

+5.4 + 5.8 + 6.3 + 6.7 = 43.2 

10 

RIO = L f (Xi) Ax = / (1) + / (2) + ... + / (10) 
i=l 

= Lq\fil + I . / <1l(I)\) - 1 . / (0) [ add rightmost rectangle, ]
subtract leftmost 

= ~.2 + 7 - 1 = 49.2 
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2.	 (a) (i) £6 = LI (Xi-I) Llx [Llx = 12;0 = 2] 
i=1 

= 2 [I (xo) + 1 (xt} + 1 (X2) + 1 (X3) + 1 (X4) + 1 (xs)] 
= 2 [I (0) + 1 (2) + 1 (4) + 1 (6) + 1 (8) + 1 (10)]
 
~ 2 (9 + 8.8 + 8.2 + 7.3 + 5Jj· + 4.1)
 
= 2 (43.3) = 86.6
 

(ii)	 Rti = L6 -f,- 2 . :P 1()j2~ - 2 . f (0)
 
~ .;.(D +- 2(11)! - 2~9), = 70.6
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(iii) Mco == L 1 (xi) Llx 
i=l 

= 2V(1) + 1(3) + 1(5) + 1(7) + 1(9) + 1(11)]
 
~ ~~8J~ -+ 8.5 + 70.8 + 6.6 + 5.1 + 2.8)
 
= 2 (39.7) = 79.4
 

(b)	 Since 1 is decreasing., we obtain an overestimate by using left endpoints, that is, £6. 

(c)	 ~ gives us an tmdicrestimate. 

<4:)	 M6 gives the best estimate, since the area of each rectangle appears.to be closer to the true area than 

the overestimates and underestimates in £6 and 1l(,. 



3. (a)	 /(x) = x3 +2andD.-x = 2-~-1) = 1 ==> 

R3 = 1./(0}+1·/(1}+1·/(2} = 1·2+1·3+1·10= 15. 
A	 _2-(-1)-05ux...,.... 6 -. ==> 

~ = 0.5 (J (-0.5) + f (O) + / (0.5) + / (I) + / (1.5) + / (2)] 

= 0.5 (1.875 + 2 + 2.125 + 3 + 5.375 + 10) 
= 0.5 (24.316) = 12.. 1875 

y . 
... ,... ~ .. to 

(b)	 £3 = 1·/(-1}+1·/(0}+1·/(1} = 1·1+1·2+1·3=6. 

£6 = 0.5 [/ (-I) + / (-0.5) + / (O) + / (0.5) + / (I) + / (1.5)] 
= 0.5 (1 + 1.875 + 2 + 2.125 + 3 + 5.375)
 
= 0.5 (15.375) = 7.6875
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(c) M3 = 1 . / (-0.5) + 1 . / (0.5) + 1 . / (1.5) 
= 1·1.875 + 1 ·2.125 + 1 . 5.375 = 9.375.
 

M6 = 0.5 [/ (-0.75) + / (-0.25) + / (0.25)
 .............. 

+ / (0.75) + / (1.25) + / (1.75)] .... ~ 
: ~:= 0.5 (1.578125 + 1.984375 + 2.015625 

+ 2.421875 + 3.953125 + 7.359375)
 
= 0.5 (19.3125) = 9.65625
 

:~d& MJq, appears to be the best estimate. 



Ap CALCULUS A-:B - 'i}. 35"1 JI= j- 4 

4. (a) 
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(i)	 14 = 1· 1(-1) + 1· 1(0)" (ii) M4 = 1 . 1 (-1.5) + 1 . 1 (-0.5) 
+1· f (1) + 1 . 1 (2) +1· 1(0.5) + I"· 1(1.5) 

= e-1 + 1 + e-1 + e-4 =e-2.25 + e-O.25 + e-O.25 + e-2.25 

~ 1.754 ~ 1.768 
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(c) (i) Rs = 0.5 [J (-1.5) + 1(-1) + f (-0.5) + 1(0) 
+ 1 (0.5) + 1 (1) + 1 (1.5) + 1 (2)] 

2	 25 + 1= e- .25 + e-1 + e-O.

+e-O.25 + e-1 + e-2.25 + e-4
 

~ 1.761
 

~'1IiO, ~~ tki). dle symmetry of* figure, we see that 

"1ll!Ds. = ~~.5) (2) [f (0.25) +1 (0.75) + f (1.25) + 1(1.75)] 
= e-O.0625 + e-O.5625 + e-l.5625 + e3Jl625 

::::: 1.766 
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